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Abstract. The self-assembly of functionalized (patchy) particles with directional
interactions into target structures is still a challenge, despite the significant
experimental advances on their synthesis. The self-assembly pathways are typically
characterized by high energy barriers that hinder the access to stable (equilibrium)
structures. A possible strategy to tackle this challenge is to perform annealing cycles.
By periodically switching on and off the inter-particle bonds, one expects to smooth-out
the kinetic pathways and favor the assembly of targeted structures. Preliminary results
have shown that the efficiency of annealing cycles depends strongly on their frequency.
Here, we study numerically how this frequency-dependence scales with the strength of
the directional interactions (size of the patch σ). We use analytical arguments to show
that the scaling results from the statistics of a random walk in configurational space.
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1. Introduction
Patchy (colloidal) particles are functionalized particles with directional interactions.
Studies of thermodynamic phase diagrams predict that, under equilibrium conditions,
these particles self-assemble into low-density gel-like structures [1, 2, 3, 4, 5]. However,
these low-density structures should have simultaneously mechanical stability (for
practical applications) and reversibility (to be accessible), posing several challenges to
the use of self-assembly techniques [6, 7, 8, 9].
Various methods have been developed to functionalize colloidal particles, e.g.,
coating their surface with metal, polymers, or DNA [10, 11, 12, 13, 14, 15]. A popular
choice is the use of DNA, which allows for selective and fine-tuned pairwise interactions
[16, 17, 18, 19, 20]. However, with DNA the typical bond energy is of the order of the
thermal energy (or even higher) and thus the bonds are typically irreversible within
the relevant timescales, leading to kinetically arrested structures [21, 22, 23, 24]. A
strategy to overcome the energy barriers is to perform annealing cycles [25, 26]. The
sharp change of the DNA bonding probability around the melting temperature, opens
the possibility of switching on and off the bonds at will, by adjusting the temperature
[20, 21, 27, 28]. Other strategies for equivalent systems have been devised not only using
temperature but also light [29].
Recent numerical results show that the efficiency of annealing cycles is maximized
at an optimal frequency [30, 31]. There, it is hypothesized that this non-monotonic
dependence results from the competition between two mechanisms: rotational and
translational diffusion. When the bonds are switched off, particles diffuse freely until
the bonds are switched on again. For sufficiently high frequencies, the short off-time
is not enough for particles to rotate relative to each other and effectively break their
bonds. For sufficiently low frequencies, the off-time is so long that, at the end of a cycle
not only the relative (rotational) orientation is decorrelated but also the translational
positions are significantly different. Thus, an intermediate time is required to guarantee
that only a fraction of the bonds are restructured in each cycle.
Here we investigate numerically how the optimal frequency scales with the model
parameters. In particular, we are interested on its dependence on the width of the
interaction range (size of the patch) and diffusion properties. We develop analytical
arguments to show that the observed scaling results from the statistics of a random
walk. The paper is organized as follows. In the next section, we present the model and
the details of the simulations. The numerical results are discussed in Sec. 3 and the
analytical arguments developed in Sec. 4. In Sec. 5, we draw some conclusions.
2. Model and Simulations
We consider a monodisperse suspension of spherical particles with three, equally-
distributed patches, on their surface. The interparticle core-core interaction is described
by a Yukawa-like potential, VY (r) =
A
k
exp (−k [r − 2R]), where R is the effective
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Figure 1. Schematic representation of a spherical particle (blue) with an attractive
patch (red) on its surface. The energy landscape represents the interaction energy of a
probe patch with the patchy particle, where the interaction with the core is repulsive
and the patch-patch interaction is attractive. σ is the size of the patch, defined as the
width of the attractive interaction potential.
radius of the particles, A is the interaction strength and k the inverse of the screening
length. The patch-patch attractive interaction between the patches [32] (see Fig. 1) is
described by the pairwise potential VG(rp) = − exp [(rp/σ)2], where  is the interaction
strength, σ = {0.05, 0.075, 0.1, 0.125}R the size of the patch, and rp the distance
between patches. The resulting energy landscape for a probing patch is schematized
in Fig. 1. The parameters are chosen such that the bonds are irreversible within the
simulation timescale. We consider an attractive substrate, interacting isotropically with
the particles, with an interaction derived from the Hamaker theory for two interacting
spherical particles in the limit where the radius of one of them diverges [33]. This results
in the superposition of two contributions given by an attractive term,
VA = −AH
6
[
2R(R +D)
D(D + 2R)
+ ln
(
D
D + 2R
)]
, (1)
and a repulsive one,
VR =
AHσ
6
7560
[
6R−D
D7
+
D + 8R
(D + 2R)7
]
, (2)
where AH is the Hamaker’s constant and D = r − R the distance between the surface
of the particle and the substrate.
We perform Molecular Dynamics simulations, where we integrate the Langevin
equations of motion for the translational and rotational degrees of freedom given by,
m~˙v(t) = −∇~rV (~r)− m
τt
~v(t) +
√
2mkBT
τt
~ξt(t), (3)
and
I~˙ω(t) = −∇~θV (~θ)−
I
τr
~ω(t) +
√
2IkBT
τr
~ξr(t), (4)
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Figure 2. Schematic representation of the annealing protocol. The patch-patch
interaction is switched on during the initial aggregation time, where an irreversible
structure is formed. After the initial aggregation time, the annealing cycle is initiated,
where the patch-patch interaction is sequentially switched on and off at a certain
frequency f .
respectively, where, ~v and ~ω are the translational and angular velocity, m and I are mass
and moment of inertia of the patchy particle, V is the pairwise potential, τt and τr are
the translational and rotational damping times, and ~ξt(t) and ~ξr(t) are stochastic terms
taken from a random distribution of zero mean. We use the velocity Verlet scheme and
the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [34]. We
consider the damping time for the translational motion, τt = m/(6piηR), which from
the Stokes-Einstein-Debye relation [35],
Dr
Dt
=
3
4R2
, (5)
gives a relation for the damping time of the rotational degrees of freedom τr = 10τt/3.
As in Ref. [7, 30], the initial configurations were generated using the three-
dimensional ballistic deposition model described in Refs. [6, 36]. In all cases, we start
with a coverage of pi/ [3 tan (pi/3)], which corresponds to the one of the honeycomb
lattice.
3. Annealing cycles
To study the annealing cycles, we considered the following protocol (see also scheme in
Fig. 2). Particles adsorbed on the substrate are let to evolve according to the equations
of motion 3 and 4 during 103τB (τB is the Brownian time, i.e., the time a single particle
takes to diffuse a area of (2R)2, where R is the effective radius of the particle). For
the considered range of parameters, during this initial time, the particles diffuse and
aggregate irreversibly. After that, an annealing cycle is performed for an additional
time of 2000τB. The attractive interaction is sequentially switched on and off for time
intervals of f−1, where f is the frequency of the annealing cycle in units of τ−1B .
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Figure 3. Angular distribution function, N(α), where α is the angle formed by two
bonds on a connected patchy particle with σ = 1, in a system of linear size L = 32,
averaged over 20 samples, and a coverage of pi/ [3 tan (pi/3)]. The peaks represent the
angles observed more frequently. The dashed line is the expected angle for a honeycomb
lattice (for three equally distributed bonds). Inset: Schematic representation of the
measurement of the angle α between bonds.
To evaluate the structure, we measure the angular distribution function for the
patch-patch bond orientation, given by,
N(α) =
Np∑
n=1
[
bonds−1∑
i
bonds∑
j>i
g
(
αnij − αn, δα
)]
, (6)
where Np is the total number of particles, bonds the number of bonds in particle n,
αnij is the angle between bonds i and j of particle n (see inset of Fig. 3), and the
function g
(
αnij − αn, δα
)
is either one, if
∣∣αnij − αn∣∣ < δα, or zero (δα = 0.01 rad).
The characteristic peak for the honeycomb lattice is at α = 2pi/3. The angular
distribution function, after the initial aggregation, is shown in Fig. 3. A very wide
maximum is observed around the characteristic peak of the honeycomb lattice, together
with two additional peaks at α = pi/3 and α = pi/2, due to three- and four-particle
aggregates. This result indicates that the structure differs significantly from the ordered
(honeycomb) structure expected at this density and distribution of patches.
Let us focus now on the height of the angular distribution function for α = 2pi/3.
Figure 4 illustrates the diagram for the ratio of the peak, Nf (α)/N(α), as a function
of the annealing frequency f , where Nf (α) is the value of the peak for α = 2pi/3 and
frequency f and N(α) is the value of the same peak at the end of the initial aggregation
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Figure 4. Value of the angular distribution function N(α) for α = 2pi/3 as a function
of the annealing frequency f , for σ = 0.5, in a system of linear size L = 32, averaged
over 20 samples, and a coverage of pi/ [3 tan (pi/3)]. A region with optimized structures
is found at intermediate frequencies, no optimization occurs at high frequencies, and no
structure at low frequencies. Error bars are estimated from the variance of the angular
distribution function in the bins adjacent to α = 2pi/3 (bins are of size δα = 0.01 rad).
time. As previously hypothesized (see Introduction), at high frequencies, the off-time
is not long enough to restructure the bonds and thus the value of the peak remains the
same. At low frequencies, once the bonds are switched off, the system is significantly
randomized such that, once the bonds are switched on, there is not enough time to
aggregate again. Note that, the initial aggregation time is much longer that the longest
period considered here. For intermediate frequencies, the value of the peak increases by
about 50%, suggesting that the approach to the (thermodynamic) honeycomb structure
is improved significantly.
Figure 5(a) showsNf (α)/N(α) as a function of f for various values of the interaction
range σ and α = 2pi/3. We find that the region where the honeycomb structure
is optimized moved to higher frequencies when σ increases. Figure 5(b) shows the
same curves, but with the frequency rescaled by σ3, leading to a data collapse. This
dependence is the subject of the next section.
4. Brownian timescales
As hypothesized, the existence of an optimal frequency results from the competition
between the rotational and translational diffusive behavior during the off-time periods.
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Figure 5. (a) Angular distribution function at the honeycomb peak (α = 2pi/3)
for values of σ = {0.5, 0.75, 1, 1.25} as a function of the annealing frequency f .
(b) Angular distribution function at the honeycomb peak (α = 2pi/3) for values of
σ = {0.5, 0.75, 1, 1.25} as a function of the rescaled frequency fσ3. Simulations were
performed on a system of linear size L = 32, averaged over 20 samples, and a coverage of
pi/ [3 tan (pi/3)]. Error bars are estimated from the variance of the angular distribution
function in the bins adjacent to α = 2pi/3 (bins are of size δα = 0.01 rad).
Figure 6. Bonding probability as a function of the rescaled time (t/τB)/σ
2 for two
particles initially bonded where the attractive interaction is switched off. τB is the
Brownian time (time necessary for a single particle to diffuse a area of (2R)2, where
R is the particle radius) and σ is the size of the patch. The vertical dashed line is the
rescaled escape time for particles to (first) cross the bonding threshold.
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When bonds are switched on again, pairs of particles will remain bonded if the centers of
their patches are still at a distance less than σ. Below we discuss how the probability of
remaining bonded (bond probability) scales in time and the relation with the observed
scaling with σ3.
We performed simulations for two initially bonded particles, where we switch off
the bonds and calculate how the probability of having their patches at a distance less
than σ scales in time. Results for 104 samples are shown in Fig. 6. The curves are
characterized by an initial plateau and an asymptotic power-law decay, consistent with
an exponent of 3/2. Data for different distances σ collapse if time is rescaled by σ2.
When bonds are switched off, the configuration of individual particles (position
and orientation) perform a random motion in configurational space. Thus, the absolute
distance between the center of the patches is expected to scale as t1/2 as in a diffusive
process, i.e., time should scale as σ2. The bond probability as defined above corresponds
to the probability that a random walk is within a spherical region of radius σ and the
crossover is related to the escape time, defined as the typical time that takes a random
walker to leave (for the first time) a spherical region of radius σ.
For long enough times, there is a non-zero probability that a random walker is found
in the region of radius σ. To calculate that probability, let us consider the continuum
limit of a random walk and define the probability distribution P (r, τ) as the probability
of finding the random walk at a distance in the interval [r, r + dr[ from the origin after
the rescaled time τ , where τ = Dt, and D is the corresponding diffusion coefficient. In
the continuum limit, this probability is the solution of the diffusion equation which, in
spherical coordinates is a Gaussian distribution,
P (r, τ) =
1
8(piτ)
3
2
exp
(
− r
2
4τ
)
. (7)
Defining, Pbond(σ, τ) as the probability that the random walk is within a spherical
region of radius σ, then
Pbond(σ, τ) =
∫ σ
0
drr2P (r, τ)4pi = (8)
= − σ
(piτ)
1
2
exp
[
−
(
σ
2
√
τ
)2]
+ erf
(
σ
2
√
τ
)
.
This corresponds to the bond probability. To obtain the long time behavior, one can
expand Eq. 8 in powers of σ/
√
τ , for
√
τ  σ. As a result,
Pbond(σ, τ) ≈ 1
6
σ3√
piτ
3
2
+O
(
σ4
τ 2
)
. (9)
Leading to the observed exponent of −3/2 and a factor of σ3 in the optimal frequency.
5. Final remarks
Numerical results for annealing cycles suggest that, at low annealing frequencies, once
the system is randomized, there is no significant time to form an ordered structure. By
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contrast, at high frequencies, the off-time is not long enough for bonds to restructure.
Thus, an optimal intermediate frequency is observed. We study how this optimal
frequency scales with the width of the interaction range (size of the patch σ). We
show that the optimal frequency scales with (σ/τ)−3/2, where τ is the timescale defined
by the Brownian process, thus related to temperature, particle shape and viscosity of
the surrounding medium.
In this context, we found, not only a protocol to avoid kinetically trapped structures,
but also the relevant timescales for patchy particles to restructure their interparticle
bonds. This has potential impact on to the fabrication of novel materials with
enhanced physical properties. For simplicity, we considered a monodisperse particle
size distribution and a single type of patches. Future studies may address more realistic
conditions.
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